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In aerodynamic design, vehicle performance is often of interest over a range of oper-
ating conditions. This can be achieved by multipoint optimization, in which the design
is evaluated under various flight conditions, generally with a fixed computational mesh in
simulation-based optimization. However, flow fields at various operating conditions can
have very different features, or even different physics. In order to maintain high-fidelity of
the simulations, a mesh must be used that is sufficiently fine to capture all of the impor-
tant features for different design points. Alternatively, separate meshes can be carefully
generated for each operating condition, but this can be non-trivial and time-consuming as
the number of design points increases. Furthermore, even if the initial mesh can predict
the outputs accurately on the original design, the accuracy during the optimization is not
controlled, and the error in the outputs can increase as the shape changes. In this paper,
we address these issues by using meshes adapted via adjoint-based error estimates in the
optimization to actively control the discretization error at each design point. The method is
capable of dealing with optimization problems containing output constraints, in which the
mesh is adapted to predict both objective and constraint outputs with appropriate accu-
racy. A multi-fidelity optimization framework is developed by taking advantage of variable
fidelity offered by adaptive meshes. The objective function at each point is first evaluated
on the same initial coarse mesh, which is then subsequently adapted for each design point
individually as the shape optimization proceeds. The effort to setup the optimization can
be substantially reduced since the initial mesh can be fairly coarse and easy to generate. As
the shape approaches the optimal design, the mesh at each design point becomes finer, in
regions necessary for that particular operating condition. The variable-fidelity framework
saves computational resources by reducing the mesh size at early stages of optimization,
when the design is far from optimal and most of the shape changes happen. The optimiza-
tion at each fidelity terminates once the change of the objective is smaller than the tolerance
(estimated error) at the current-fidelity mesh, reducing unnecessary effort in optimizing on
low-fidelity meshes. We demonstrate the accuracy and efficiency of our proposed method
on a fixed-lift drag minimization problem of a transonic airfoil. We expect the framework
to be even more important for more complex configurations, dramatic shape changes, or
high-accuracy requirements.

I. Introduction

Over the past decades, Computational Fluid Dynamics (CFD) has benefited greatly from the increasing
power of high-performance computers, such that nowadays, CFD is an integral part of aerodynamic design.
The capacity of design evaluation at almost arbitrary test conditions, as well as cheaper cost compared to
wind tunnel tests, have made CFD an indispensable tool in the aerodynamic design process. Successful use
of CFD in practical design problems requires both accurate simulations for a given configuration and efficient
optimization methods to improve design configurations. Gradient-free methods such as genetic algorithms
may be made robust for non-smooth or non-convex problems [1], but they are generally not as efficient
as gradient-based methods, especially for problems with a large number of design parameters. Specifically,
gradient-based algorithms converge to the optimum with fewer evaluations of the objective function and lower
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cost, even when taking into account the gradient calculation. Moreover, with the development of adjoint-
based sensitivity analysis [2–6], the computational cost of gradient-based optimization has been dramatically
reduced.

Ideally, the design is expected to retain favorable performance over a wide range of operating conditions.
Optimization at one specific cruise condition can lead to mediocre performance on the overall mission profile,
and/or poor performance at off-design conditions. Therefore, aerodynamic optimization in practice must
take into account various flight conditions in both the objective and constraints [7–10], making the setup for
high-fidelity aerodynamic optimization challenging. In order to achieve high accuracy for each design point,
the single mesh used for all points has to be able to capture all the important flow features over a wide range
of operating conditions. The designer, either expert in meshing or not, cannot reliably generate a mesh
appropriate for all cruise conditions. This situation can be even worse when the geometry is complex or as
the number of design points increases. Also, the resulting mesh may be quite fine, making the computational
cost needed for high-fidelity multipoint aerodynamic optimization prohibitive in practice. On the other hand,
numerical errors are typically only investigated via grid convergence studies for the initial and final designs,
before and after the optimization, which can potentially lead to inaccurate or spurious optima [11, 12]. These
are the problems that we tackle in the present work.

In order to aid practical multipoint aerodynamic design and to reduce the optimization cost, automated
adapted meshes are introduced into the optimization process. The designer only needs to provide a relatively
coarse background mesh to start the optimization run. Then, the computational mesh is adapted individually
at necessary regions based on the output error estimates, with active control of numerical error at various
operating conditions. The idea to combine output error estimation and gradient-based optimization is
natural, as both methods require output adjoint solutions. After showing many success in a wide range of
aerospace computational applications [13–19], output-based error estimation and mesh adaptation methods
have been demonstrated in several single-point aerodynamic shape optimization problems [11, 12, 20–24],
however, no attention has been paid to more complicated multipoint optimization problems.

The present work proposes a variable-fidelity implementation of multipoint aerodynamic optimization,
integrating output-based error estimation and mesh adaptation with a gradient-based algorithm to actively
control the numerical error during optimization. We adopt the error estimation and mesh adaptation strategy
developed in our previous work [12], taking the errors in the constraint outputs into account during the error
estimation and mesh adaptation, since the errors in the constraints can indirectly affect the calculation of
the objectives [25]. Two unstructured mesh adaptation methods are considered in this paper: (a) mesh
adaptation with Hessian-based anisotropy, and (b) mesh optimization via error sampling and synthesis
(MOESS). In addition to the time saving on the optimization setup, this method also has the potential to
reduce the run-time computational cost of the optimization. As the physics of various operating conditions
can differ substantially, the meshes required to accurately predict the outputs also differ. With the proposed
method, meshes for the points whose physics are relatively simple (e.g. low speed, laminar flow) can be
coarse, whereas substantial mesh refinement can be added to those points governed by more complex physics
(e.g. shocks, turbulent flows). A variable-fidelity optimization framework is built into the proposed method,
taking advantage of the variable fidelity offered by the adaptive meshes. The variable-fidelity framework
reduces the computational cost when the shape is far from the optimum, thus avoiding over-refining on
an undesired configuration. On the other hand, the error estimation prevents optimization directions from
being polluted by discretization errors and over-optimization on a coarse mesh.

The remainder of this paper proceeds as follows. We describe the general aerodynamic optimization
problem in Section II and the discontinuous Galerkin discretization in Section III. Details of the error
estimation and mesh adaptation are given in Section IV. Section V presents the coupling of gradient-based
optimization with error estimation and mesh adaptation. The primary results are shown in Section VI, and
Section VII concludes the present work and discusses potential future work.
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II. Problem Formulation

II.A. Multipoint Aerodynamic Optimization

In general, the aerodynamic shape optimization problem can be stated as a search for the design variables
x that minimize a given objective function J :

min
x

J(U,x)

s.t. Re(U,x) = 0

Rie(U,x) ≥ 0

(1)

where J represents a scalar objective function, always defined by the aerodynamic output, for example lift
or drag or a combination of these for multi-objective optimization. U denotes the flow variables, and Re and
Rie are the equality and inequality constraints, respectively. The flow variables U are solved within a feasible
design space Ω to satisfy the flow equations, often the Euler or Navier-Stokes equations. In discretized form,
these consist of a set of nonlinear equations that implicitly define U as a function of x.

R(U,x) = 0, ∀ x ∈ Ω (2)

The weighted-sum method is used here for multipoint optimization problems,

Jm = ωTJ =

Nm∑
i=1

ωiJi =

Nm∑
i=1

Jm,i (3)

where J is the vector containing the objectives at Nm design points (typically various Mach numbers), ω
is the weights vector specified by the designer, and Jm is the composite objective used in the multipoint
optimization problem, with weighted objective component Jm,i at each design point.

II.B. Adjoint and Design Equations

Inactive inequality constraints Rie
ia(U,x), do not affect the optimization explicitly, while the active ones

Rie
a = 0 behave as equality constraints. In general, the inequality constraints can also be transformed

into equality constraints with non-negative slack variables [26]. For easier illustration, we only consider the
active inequality constraints and equality constraints, put together into one vector of dimension Nt as trim
constraints, (Rtrim)T = [(Re)T (Rie

a )T ] ∈ RNt ,

Rtrim(U,x) = Jtrim(U,x)− J̄trim = 0 (4)

where J̄trim is a set of target trim outputs, for example, the target lift in a lift-constrained problem. In
multipoint optimization problems, each operating condition can have the same or different trim constraints,
Jtrim is a vector concatenated with the trim outputs at different operating conditions Jtrim

i ∈ RNi
t ,
∑Nm

i N i
t =

Nt. In order to distinguish the trim outputs from the objective output, we denote the latter by Jadapt
m =

ωTJadapt, as the objective output is the direct target of adaptation.
The adjoint-based optimization is equivalent to searching for the stationary point of the Lagrangian

function, which augments the flow equations with additional constraints,

L =

Nm∑
i=1

ωiJ
adapt
i (Ui,x) +

Nm∑
i=1

λi
TRi(Ui,x) +

Nm∑
i=1

µi
TRtrim

i (Ui,x) (5)

where Ri(Ui,x) are the flow equations at each design point, λi,µi are the Lagrange multipliers associated
with the flow equations and the trim constraints, respectively. The first-order optimality conditions are given

3 of 20

American Institute of Aeronautics and Astronautics



by setting the partial derivatives of L to zero,

∂L
∂x

=

Nm∑
i=1

ωi
∂Jadapt

i

∂x
+

Nm∑
i=1

λT
i

∂Ri

∂x
+

Nm∑
i=1

µT
i

∂Rtrim
i

∂x
= 0 (6)

∂L
∂Ui

= ωi
∂Jadapt

i

∂Ui
+ λT

i

∂Ri

∂Ui
+ µT

i

∂Rtrim
i

∂Ui
= 0 i = 1, ..., Nm (7)

∂L
∂λi

= Ri(Ui,x) = 0 i = 1, ..., Nm (8)

∂L
∂µi

= Rtrim
i (Ui,x) = 0 i = 1, ..., Nm (9)

As we solve the flow equations for a given design x each time at every design point, Eqn. 8 is always satisfied
during the optimization. The trim constraints can be handled by either the flow solver or the optimizer; the
former is used currently. A set of design variables is dedicated to satisfying the trim constraints, denoted as
trim variables xt, dim(xt) = dim(Jtrim). Hence Eqn. 9 is satisfied by the variation of the trim variables, so
that Eqn. 6 breaks down into,

∂L
∂xs

=

Nm∑
i=1

ωi
∂Jadapt

i

∂xs
+

Nm∑
i=1

λT
i

∂Ri

∂xs
+

Nm∑
i=1

µT
i

∂Rtrim
i

∂xs
= 0 (10)

∂L
∂xt

=

Nm∑
i=1

ωi
∂Jadapt

i

∂xt
+

Nm∑
i=1

λT
i

∂Ri

∂xt
+

Nm∑
i=1

µT
i

∂Rtrim
i

∂xt
= 0 (11)

where xs is the set of active design parameters in the optimization. We can now choose λi and µi at each
point such that Eqn. 7 and Eqn. 11 are enforced after each flow solve,

λT
i = −

(
ωi
∂Jadapt

i

∂Ui
+ µT

i

∂Rtrim
i

∂Ui

)
∂Ri

∂Ui

−1

= (ωiΨ
adapt
i + Ψtrim

i µi)
T

µT = [µT
1 , ...,µ

T
Nm

] = −

(
Nm∑
i=1

ωi
dJadapt

i

dxt

)(
dJtrim

dxt

)−1
(12)

There may exist a set of trim variables which can eliminate the coupling of trim constraints among different
design points (dJtrim/dxt is diagonal), then µi only depends on the ith design point. In lift-constrained
optimization problems, angle of attack is such a choice. Eqn. 12 gives a coupled adjoint variable λi that
incorporates the adjoints of both the objective and the trim outputs at each design point, Ψadapt

i and Ψtrim
i ,

which satisfy

∂Ri

∂Ui

T

Ψadapt
i +

∂Jadapt
i

∂Ui

T

= 0,
∂Ri

∂Ui

T

Ψtrim
i +

∂Jtrim
i

∂Ui

T

= 0 (13)

In Eqn. 12, d(·)/dxt terms are defined as,

dJadapt
i

dxt
=
∂Jadapt

i

∂xt
+
(
Ψadapt

i

)T ∂Ri

∂xt

dJtrim

dxt
=
∂Jtrim

∂xt
+
(
Ψtrim

i

)T ∂Ri

∂xt

(14)

the total derivative symbols are used in a sense that the outputs only depend on the trim variables xt

when the active design parameters xs are held constant, i.e., the total derivative is defined in a sub-problem
varying xt to satisfy the constraints given fixed xs. For our optimization problem, xt depends on xs, the
total derivatives should only be defined with respect to the active design parameters xs.

With the specific choice of λi and µi in Eqn. 12, we can evaluate the objective gradients, i.e., the
total derivatives in optimization, with respect to the active design variables xs via the Lagrangian function,
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starting with Eqn. 10,

dJadapt
m

dxs
=

∂L
∂xs

=

Nm∑
i=1

ωi
∂Jadapt

i

∂xs
+

Nm∑
i=1

λT
i

∂Ri

∂xs
+

Nm∑
i=1

µT
i

∂Rtrim
i

∂xs

=

Nm∑
i=1

ωi
∂Jadapt

i

∂xs
+

Nm∑
i=1

ωi(Ψ
adapt
i )T

∂Ri

∂xs
+

Nm∑
i=1

µT
i

[
∂Rtrim

i

∂xs
+ (Ψtrim

i )T
∂Ri

∂xs

]

=

Nm∑
i=1

ωi
dJadapt

i

dxs
+

Nm∑
i=1

µT
i

dJtrim
i

dxs

=

Nm∑
i=1

(
ωi
dJadapt

i

dxs
+ µT

i

dJtrim
i

dxs

)
(15)

Now the optimization problem has been reduced to finding an optimal design xs that drives to zero the
gradients in Eqn. 15. However, in a practical calculation, on a finite-dimensional space, discretization errors
appear in both the flow equations and the adjoint equations, so that infinite-dimensional optimality cannot
be guaranteed even when the finite-dimensional optimality condition is satisfied. The present work focuses
on controlling the error in the optimization problem via error estimation and mesh adaptation.

III. Discretization

Evaluation of the objective function at each optimization step relies on a flow simulation, in this work
over an airfoil. The governing equations for the fluid flow are compressible Navier-Stokes,

∂u

∂t
+∇ · ~F(u,∇u) + S(u,∇u) = 0, (16)

where u is the flow state vector at a particular spatial location, ~F is the sum of the inviscid and viscous
flux vectors, and S is a source term required when modeling turbulence. When running Reynolds-averaged
turbulent cases, we use the Spalart-Allmaras one-equation model, with a negative turbulent-viscosity mod-
ification [27]. We discretize Eqn. 16 with the discontinuous Galerkin (DG) finite-element method, which is
suitable for high-order accuracy and hp-refinement [28–30]. However, the framework proposed in this work
can be applied to other discretizations supporting output-based error estimation and mesh adaptation.

The DG spatial discretization of Eqn. 16 yields a system of discrete algebraic equations in the form of
Eqn. 2,

RH(UH ,x) = 0, (17)

where RH is the residual vector, a nonlinear function of the discrete state vector UH and the design variables
x. The subscript H refers to fidelity of the approximation/test space with respect to the approximation order
and mesh refinement.

IV. Error Estimation and Mesh Adaptation

IV.A. Adjoint-based Error Estimation

In practice it is not possible to obtain the true numerical error for an output, whereas the difference between
a coarse space and fine space solution serves as an acceptable surrogate,

output error: δJ ≡ JH(UH)− Jh(Uh). (18)

In this expression, J represents the output of interest, and the subscripts h and H denote the fine and coarse
spaces, respectively. In the present work, the fine space is achieved by increasing the elements’ approximation
order p, to p+ 1. We do not solve the nonlinear fine-space flow problem for the error prediction, and instead
we use the linear fine-space adjoint solution, Ψh, defined as the sensitivity of the output to the residuals.
The adjoint weights the residual perturbation to produce an output perturbation [31],

δJ ≈ JH(UH)− Jh(Uh) = Jh(UH
h )− Jh(Uh)

= −ΨT
h [Rh(UH

h )−Rh(Uh)] = −ΨT
hRh(UH

h ),
(19)
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where Uh is the (hypothetical) exact solution on the fine space, UH
h is the state injected into the fine space

from the coarse one, which generally will not give a zero fine space residual, Rh(UH
h ) 6= Rh(Uh) = 0. The

derivation of Eqn. 19 originates from the small perturbation assumption, and is valid for outputs whose
definition does not change between the coarse and fine spaces, JH(UH) = Jh(UH

h ).

IV.B. Output Error Estimation Under Trim Constraints

Normally, the error estimation is applied only to the output in which we are most interested, i.e. the objective.
However, our optimization problem requires the simultaneous solution of flow equations and trim constraints.
The numerical error of the trim outputs may indirectly affect the calculation of the objective. To take this
effect into account, the coupled adjoint should be used for the error estimates.

Consider a given design xs, the error in the objective now comes from both the inexact solution UH
h

and inexact trim constraints satisfaction (inexact trim variables xt,H). We can estimate the error in the
composite objective, with the linearization given by Eqn. 7 and Eqn. 11,

δJadapt
m =

Nm∑
i=1

ωi

(
∂Jadapt

i

∂Ui
δUi +

∂Jadapt
i

∂xt
δxt

)

= −
Nm∑
i=1

(λT
h,iδRh,i + µT

h,iδR
trim
h,i )

= −
Nm∑
i=1

[
λT
h,iRh,i(U

H
h,i,xt,H) + µT

h,iR
trim
h,i (UH

h,i,xt,H)
]

(20)

For the second term in Eqn. 20, we can expand the trim residual as

Rtrim
h,i (UH

h,i,xt,H) = Jtrim
h,i (UH

h,i,xt,H)− J̄trim
i

= [Jtrim
H,i (UH,i,xt,H)− J̄trim

i ] + [Jtrim
h,i (UH

h,i,xt,H)− Jtrim
H,i (UH,i,xt,H)]

(21)

The first term above is automatically driven to zero because of the trimming on the coarse space. For the
second term, again, if the definition of the trim outputs does not depend on the approximation space, then
Jtrim
h,i (UH

h,i,xt,H) = Jtrim
H,i (UH,i,xt,H). Hence, the second term in Eqn. 20 is often negligible, resulting a

simpler form for the error of the composite objective,

δJadapt
m = −

Nm∑
i=1

λT
h,iRh,i(U

H
h,i,xt,H)

= −
Nm∑
i=1

(ωiΨ
adapt
h,i + Ψtrim

h,i µh,i)
TRh,i(U

H
h,i,xt,H)

=

Nm∑
i=1

(ωiδJ
adapt
i + µT

h,iδJ
trim
i )

(22)

IV.C. Mesh Adaptation

If we would like to use the same mesh for all of the design points, then Eqn. 22 can be directly used to
localize the error to each element and serves as the indicator for mesh adaptation. However, this can be
inefficient when the flow features change significantly at different operating conditions, e.g., from subsonic
to supersonic regimes. To achieve certain accuracy in such cases, the mesh should be adapted in the areas
important for all of the design points, and hence unnecessary computational effort is added to each flow
solve if using a single mesh.

In present work, we allow different meshes for different design points. The objective error in Eqn. 22
is first localized to each design point as δJadapt

m,i = ωiδJ
adapt
i + µT

h,iδJ
trim
i . Then a common approach for

obtaining an error indicator is to take the absolute value of the elemental error contribution. When the trim
outputs are involved, we have another decision to make: whether we allow cancellation between the objective
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and trim output error estimates. In this work we do not let such cancellation happen when calculating the
error indicator, so that the final error indicator on element k at flight condition i, ηi,k is given by

ηi,k = ωi|δJadapt
i,k |+ |µT

i ||δJtrim
i,k | = ωiη

adapt
i,k + |µT

i |ηtrim
i,k , (23)

where ηadapti,k and ηtrim
i,k are the non-negative error indicators for objective output and trim outputs respec-

tively, at the ith flight condition.
At each operating condition, we can naively refine a certain fraction of the elements which have the

largest adaptation indicator. However, such a strategy cannot detect strong directional features, such as
shocks or boundary layers in flow problems. In order to efficiently capture the anisotropic flow features,
we have to take the solution anisotropy into account in the mesh adaptation. Two anisotropic adaptation
techniques are considered here: (a) mesh adaptation with Hessian-based anisotropy detection a, and (b)
mesh optimization via error sampling and synthesis (MOESS). Both methods rely on metric-based global
remeshing, in which the mesh information, including the desired element sizes and stretching direction, is
encoded with a continuous Riemannian metric field. The metric field is determined by the elemental error
indicator given by Eqn. 23, together with local anisotropy information. The main difference between Hessian-
based mesh adaptation and MOESS is how the anisotropy is specified. Hessian-based mesh adaptation uses
the Hessian matrix of a scalar, usually the Mach number, to obtain the solution anisotropy, while MOESS
extracts the anisotropy through the local error sampling and synthesis process.

IV.C.1. Error Allocation for Hessian-based Mesh Adaptation

A general, though not always optimal, goal in mesh adaptation is to reduce and equally distribute the
objective error [32]. Hence, given an error tolerance E of the composite objective Jadapt

m , we first equally
distribute the allowable error to each design point.

max(δJadapt
m,i ) ≤ Ei ≡

E
Nm

. (24)

We note that such a split may not be optimal if the design points represent vastly different conditions, in
which case an optimal distribution of error need not be uniform; e.g. more error could be allowed for design
points with a high cost of reducing the error. A more sophisticated approach of equidistributing the marginal
error to cost ratio among the points is a topic for future work.

Given the allocation in Eqn. 24, the meshes can be adapted individually at each design point, with
maximum allowable error Ei. At each design point, the local adaptation indicator is obtained using Eqn. 23.
In Hessian-based mesh adaptation, the error indicator determines the desired element size in the new adapted
mesh, while the local Mach Hessian matrix controls the element stretching. The Hessian-based adaptation
we used in this paper follows a fixed-growth refinement strategy. At each adaptation iteration, the mesh
size, i.e., the number of elements, increases with a fixed factor, and a new mesh is generated with the desired
metric field implied by the error indicator and Mach Hessian information [33, 34]. Given a target error
tolerance Ei, the mesh is refined until the error estimate drops below the tolerance.

IV.C.2. Cost Allocation for MOESS

For standalone MOESS, the mesh size and stretching are optimized with a fixed total cost, usually measured
by the system degrees of freedom, DOF. Instead of equally distributing the cost among different flight
conditions, the total cost can be divided in a way such that the objective errors δJadapt

m,i are equally distributed
– again, a more sophisticated approach would be to equidistribute the marginal error to cost ratio, and this
is a topic for future work. Here, an a priori error-cost model is assumed,

|δJadapt
m,i | ∝ C

−(2p+1)/d
i , (25)

where Ci is the cost at ith flight condition, d is the spatial dimension, p is the solution approximation order.
The ideal super-convergence rate 2p + 1 is used to prevent too aggressive cost redistribution, though lower

aIn this work, the solution (Mach number) Hessian is only used to provide anisotropy information. The error indicator,
which governs the size of the elements, is still output-based [12].
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convergence rates should be expected for under-resolved meshes. For one adaptive iteration, the changes in
the error due to cost redistribution are

δJadapt
m,i = δJadapt,0

m,i

(
Ci

C0
i

)−(2p+1)/d

, (26)

where the superscript 0 indicates values in the unadapted meshes. With the requirements of error equidis-
tribution, the desired cost ratios fi among different design points are,

fi =
Ci

C1
=
C0

i

C0
1

[
δJadapt,0

m,i

δJadapt,0
m,1

] 1
(2p+1)/d

, i = 1, 2, ..., Nm (27)

Given a fixed total cost C of the multipoint mesh optimization, the cost at each design point is then
redistributed as,

Ci =
fi∑Nm

j=1 fj
C. (28)

In the implementation, the cost ratio is limited to a certain range to avoid too much change in the cost.
With the cost redistributed at each design point, the mesh optimization then follows an iterative process
to equidistribute the marginal error to cost ratio of local refinements [35]. More details about the mesh
adaptation strategy in the multi-fidelity optimization are given in the next section.

V. Optimization Approach

V.A. Objective and Constraints

For demonstration, two-dimensional airfoil shape optimization problems are considered in this work. In
particular, the problem considered here is to search for an optimal design (including the airfoil shape and
the angles of attack) to minimize the overall drag under a range of flight conditions, subject to fixed lift
coefficients and a minimum airfoil volume. The objective is the weighted sum of the drag coefficients at
different design points, and the corresponding constraints are

Re
i (Ui,x) = c`,i(Ui,x)− c∗`,i = 0, (29)

Rie(Ui,x) = A(x)−Amin ≥ 0, (30)

where A and Amin represent the current and minimum volumes of the airfoil, and c`,i and c∗`,i denote the
current and target lift coefficients at each design point.

The lift constraints are enforced by a trimming process during each flow solve. The angle of attack α
at each design point is chosen as the trim variable, xt = [α1, ..., αNm

], to decouple the trim conditions at
various points. Then the lift constraint at each design point is enforced individually by finding the trimming
angle of attack through a Newton-Raphson iteration. The inequality constraint (independent of the flow
states, assumed to be measured exactly) is handled by the optimizer.

V.B. Airfoil Parameterization and Mesh Deformation

The airfoil shape is parameterized using the Hicks-Henne basis functions [36], taking a baseline airfoil and
creating a new airfoil shape by adding a linear combination of “bump” functions to its upper and lower
surfaces,

z = zbase +

ns∑
i=1

aiφi(x), (31)

where the scalar x denotes in this case the position along the airfoil chord rather than the design parameter
vector, and z is the vertical coordinate of the upper or lower airfoil surface. The summation term in Eqn. 31
is a linear combination of the bump basis functions φi(x) with different coefficients ai, which constitute
the active design parameters for the optimization problem, xs = [a1, a2, ..., ans ] ∈ Rns . A set of optimized
Hicks-Henne basis functions [37] is used here. Table 1 summarizes the multipoint aerodynamic optimization
problem considered in this paper.
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Table 1. Multipoint aerodynamic shape optimization problem

Function/Variable Description Quantity

Minimize
∑Nm

i=1 ωicd,i Weighted drag coefficients sum 1

With respect to xs Hicks-Henne basis function coefficients ns

xt Angles of attack Nm

Subject to c`,i − c∗`,i = 0 Lift constraints Nm

A−Amin ≥ 0 Volume constraint 1

At each iteration in the optimization, the objective function needs to be re-evaluated, which requires a
flow solution on the updated geometry, and hence a new mesh must be obtained every time. Regeneration of
a mesh, especially for a complex geometry or with high resolution, could be time-consuming and non-trivial.
Thus, an efficient way to update the computational mesh is needed, and in this work, we use an inverse
distance weight interpolation [38] to deform the mesh.

V.C. Optimization Algorithm

Sequential Least Squares Programming (SLSQP) [39] with Broyden-Fletcher-Goldfarb-Shanno (BFGS) [40]
type Hessian approximation is used in this work. The weak Wolfe condition is used to terminate the line
search, ensuring a sufficient decrease at each optimization step. The gradients of the objective function are
calculated by the adjoint method, per Eqn. 15, and the objective is evaluated with the numerical solution
of Eqn. 16 based on the discretization given in Section III.

Instead of optimizing on a mesh with fixed resolution, which would always require the highest fidelity for
accurate calculations, the mesh is progressively refined as the optimization proceeds, resulting in a variable-
fidelity optimization. Rather than performing optimization and mesh adaptation sequentially, one after
another, an interactive framework is introduced. Two possible ways to incorporate the mesh adaptation and
design optimization are considered here: optimization-driven adaptation and adaptation-driven optimization.
In the former approach, the optimization tolerance at each fidelity is prescribed by the user. Starting with
a loose optimization tolerance, the total maximum allowable error, set to be equal to the optimization
tolerance, is first divided into each design point by Eqn. 24. The objective function at each design point is
then evaluated on the same coarse initial mesh, and the error estimation and mesh adaptation are performed
individually to control the numerical error to be below the error tolerance at current fidelity. The allowable
numerical error decreases as the optimization fidelity increases. For the latter approach, several mesh levels
(degrees of freedom) are defined before the optimization. Starting with a low total cost, the degrees of freedom
are redistributed according to Eqn. 28. Then the mesh is optimized at each design point to achieve the best
accuracy. Once the objective change or the gradient norm is smaller than the objective error estimate, the
optimization terminates at the current cost level and the fidelity increases through mesh optimization with
a higher cost. This approach is designed for MOESS to optimize the mesh for a given cost at each fidelity.
We refer to these methods as error-based or cost-based, depending on the information specified.

Compared with traditional optimization methodology with an a priori mesh, unnecessarily fine meshes at
the early stages of shape optimization are avoided in the proposed variable-fidelity framework. The problem
setup time is significantly reduced with easier mesh generation. Moreover, the elements that introduce most
of the error may differ a lot for different shape configurations during the optimization. Both approaches
reduce the chance of over-refining elements that are not relatively important for the final design, which
is necessary if the adaptation mechanics do not allow for coarsening. On the other hand, the coupling
between error tolerance and optimization tolerance at each fidelity actively controls the optimization at each
step to avoid unnecessary convergence at low fidelity. Finally, the new framework can effectively prevent
over-refining on an unintended shape, or over-optimizing on a coarse mesh.

The proposed optimization frameworks with error estimation and mesh adaptation are summarized in
Algorithm 1 and Algorithm 2, using error-based and cost-based approaches, respectively. Optimization
tolerance levels and cost levels are specified by the user, driving the mesh adaptation to actively control the
numerical errors. In this paper, we assume the error estimation is sufficiently accurate to represent the “true”
numerical error, which may be inappropriate when the adjoint is not well-resolved or when the problem is
highly nonlinear. In practice, a safety factor η can be used to ensure the numerical error to be always below
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the optimization tolerance; η = 1 is adopted in this paper.

Algorithm 1: Optimization with error estimation and mesh adaptation (error-based)

input : initial design x0, initial coarse mesh Th, optimization tolerance levels τ0, τ1, ..., τn, safety
factor η ≤ 1

output: adapted meshes at each design point Th,i
optimized design x∗ with controlled objective error E(Jadapt

m,h ) ≤ τn
1 for l = 0, 1, ..., n do
2 set total error tolerance as El ← ητl
3 equidistribute error tolerance among various design points, El,i = El/Nm

4 while not converged do . optimization algorithm
5 for i = 1, ..., Nm do

6 while δJadapt
m,i > El,i do

7 trim (update xt,l) and adapt the mesh Th,i . trimming process
8 end

9 compute objective function Jadapt
h,i (xs,l)

10 end

11 update the composite objective Jadapt
h,m =

∑Nm

i=1 ωiJ
adapt
h,i

12 calculate composite objective gradient dJadapt
h,m /dxs,l and update the design xs,l . line search

13 end
14 finish optimization at level l, xl+1 = xl

15 end

Algorithm 2: Optimization with error estimation and mesh adaptation (cost-based)

input : initial design x0, initial coarse mesh Th, cost levels C0, C1, ..., Cn, safety factor η ≥ 1
output: optimized mesh at each design point Th,i with total cost Cn

optimized design x∗ with optimal accuracy at given total cost Cn

1 Initialize the cost among various design points, C0,i = C0/Nm

2 for l = 0, 1, ..., n do
3 while not converged do . optimization algorithm
4 for i = 1, ..., Nm do
5 trim (update xt,l) and optimize the mesh Th,i at fixed cost Cl,i . trimming process

6 compute objective function Jadapt
h,i (xs,l) and its error estimate δJadapt

m,i (xs,l)

7 end

8 update the composite objective Jadapt
h,m =

∑Nm

i=1 ωiJ
adapt
h,i

9 set optimization tolerance τl = η
∑Nm

i=1 δJ
adapt
m,i

10 calculate objective gradient dJadapt
h,m /dxs,l and update the design xs,l . line search

11 redistribute the computational cost among different points Cl,i = fi∑Nm
j=1

Cl

12 end
13 finish optimization at level l, xl+1 = xl

14 end

VI. Results

As a simple demonstration of the proposed optimization framework, we consider two-dimensional airfoil
shape optimization problems in transonic flow regimes, over a range of flight conditions. The goal of the
optimization is to search for an optimal shape and angles of attack to minimize the drag coefficients, subject
to fixed lift trim conditions and minimum volume constraint. We only consider the discretization errors in
the drag and lift calculations, and the airfoil volume measurements are assumed to be exact. Furthermore,
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the trimming constraints tolerance is always set to be small enough to make sure the sensitivity calculation
in Eqn. 15 is accurate. The airfoil geometry is parameterized with 16 Hicks-Henne basis functions, and the
design parameter vector includes both the shape parameters and the angle of attack at each design point.
Unstructured triangular meshes and DG p = 2 approximation are used for the discretization. The airfoil
boundary is represented by cubic curved mesh elements. We first test our proposed methods in a two-point,
inviscid transonic airfoil optimization problem, following which a more practical turbulent case including
three flight conditions is considered.

VI.A. Multipoint Inviscid Transonic Airfoil Optimization

In this test case, the two-point optimization starts with a Royal Aircraft Establishment (RAE) 2822 airfoil at
Mach numbers of M1 = 0.72 and M2 = 0.76, and seeks an optimal shape and angles of attack to minimize the
weighted drag coefficients (equal weights are used, ω1 = ω2 = 0.5) subject to the fixed lift trim constraints
c∗`,1 = c∗`,2 = 0.75 and the minimum volume as 95% of the initial value.

Under the lift trim condition, flow around the original RAE 2822 airfoil features a strong shock on the
upper surface, the location and strength of which vary depending on the operating conditions (e.g. Mach
number). Without any prior knowledge about the flow fields around the airfoil under Mach numbers of
0.72 and 0.76, a fairly fine mesh with specific refinement around the airfoil is generally used in optimization.
Effort can be put in generating meshes suitable for capturing the shocks effectively, either based on experience
or output-based error estimates. However, this only helps the analysis on the original shape; if the shock
moves or its strength reduces as the optimization proceeds, this resolution is wasted. Particularly, in this
case, we expect that the shape would be modified during the optimization such that the shock strength
is significantly weakened. Any substantial refinement on the initial shock location will thus not effectively
increase the accuracy but instead add significant computational cost to the optimization.

We start the optimization with the same initial mesh consisting of 393 triangular elements, as shown in
Figure 1(a). For the shape optimization with error estimation and mesh adaptation, two different anisotropic
mesh adaptation mechanics are used: Hessian-based adaptation, and mesh optimization through error sam-
pling and synthesis (MOESS). The former uses an error-based multifidelity optimization framework, while the
latter adopts a cost-based one, as described in Algorithm 1 and Algorithm 2, respectively. The optimization
with Hessian-based mesh adaptation is performed using user-specified multiple error levels with an ultimate
tolerance of 0.02 drag counts, i.e., 2 × 10−6. On the other hand, the optimization using MOESS starts at
a fairly low cost level, and degrees of freedom are added once the optimization converges at the current
cost level. The optimization stops when the total objective error (setting to be the optimization tolerance)
is below 0.02 drag counts. To compare with traditional methods, we also run fixed-fidelity optimization
on two fixed meshes (the coarse one has comparable DOF as the finest meshes used in the variable-fidelity
optimization while the fine mesh has double the cost). The optimization tolerances are also set to be 0.02
drag counts. The meshes used in these different optimization strategies are summarized in Figure 1(b)–1(f).
Only the coarse mesh used in the fixed-fidelity optimization is shown for conciseness, as the finer one has
more elements but similar uniform refinement around the airfoil boundary.

The objective convergence history and mesh evolution are shown in Figure 2. From the convergence plot
Figure 2(a), we see that the estimated discretization error of the objective is always above the optimization
tolerance during the fixed-fidelity (fixed-mesh) optimization. On the coarse fixed mesh, the discretization
error is comparable to or even larger than the objective value. Although the objective error decreases as a
finer fixed mesh is used, it is still fairly large compared to the optimization tolerance. In these cases, the
optimizer may work on the numerical error instead of the physics to minimize the drag, leading to inaccurate
designs. On the other hand, discretization error is always controlled to be below the optimization tolerance,
or the optimization tolerance is adjusted to be equal to the discretization error in the proposed methods.
Moreover, the variable-fidelity optimizations with different adaptation techniques both converge faster at the
highest fidelity by virtue of better starting shapes obtained from the lower fidelity. Significant computational
resources can be saved with fast, low-fidelity optimizations.

We can also observe in the mesh evolution plot in Figure 2(b), that the mesh sizes required to achieve
similar accuracy on different operating conditions are different. For both mesh adaptation mechanics, the
final mesh size for Mach number of 0.72 is less than the one used for Mach number of 0.76. Mesh adaptation
prevents unnecessarily fine meshes from being used for relatively simple operating conditions. Furthermore,
we can see that at the low optimization levels, optimizations with both adaptation methods have similar
cost, while optimization with MOESS achieves better accuracy so that the shape obtained at lower fidelities
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(a) Initial mesh for variable-fidelity optimization (b) The coarse mesh for fixed fidelity optimization

(c) Final mesh at M = 0.72 (Hessian-based adaptation) (d) Final mesh at M = 0.76 (Hessian-based adaptation)

(e) Final mesh at M = 0.72 (MOESS) (f) Final mesh at M = 0.76 (MOESS)

Figure 1. Meshes for variable-fidelity and fixed-fidelity optimization (inviscid, transonic)
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is better, resulting in faster convergence at the highest fidelity. At the highest fidelity, MOESS needs less cost
to achieve similar accuracy compared to Hessian-based adaptation. These accuracy improvements and cost
savings are achieved by redistributing the degrees of freedom among various flight conditions and optimizing
the mesh at each of them. The computational cost saving is reflected in Table 2: the proposed method with
Hessian-based adaptation achieves around 7 times speedup compared to fixed-fidelity optimization with the
fine mesh, while optimization with MOESS attains more than 15 times speedup.
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(a) Objective convergence history
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(b) Mesh size evolution

Figure 2. Convergence history and mesh size evolution for different methods (inviscid, transonic)

Table 2. Computational cost comparison (inviscid, transonic)

Optimization level Optimization tol (Drag count) Wall time (core*hours)

Fixed fidelity (coarse) L3 0.02 164.67

Fixed fidelity (fine) L3 0.02 572.67

Variable-fidelity (Hessian-based)

L1 2.00 3.20

L2 0.20 9.73

L3 0.02 75.33

Variable-fidelity (MOESS)

L1 4.13

L2 δJadapt
m 13.6

L3 13.87

The initial and optimized airfoils are compared in Figure 3. The final objective values are also collected in
Table 3; the corresponding “true” objective values are obtained on adapted meshes on the optimized designs
to reduce the discretization error to be one order of magnitude smaller than the optimization tolerance. All
of the optimization strategies flatten the upper surface near the forward section, while curving and increasing
the thickness via the lower surface. The curvature reduction on the top surface smooths the flow acceleration
region to weaken the shock. The thickened lower surface and curved aft section are required to maintain the
lift and area constraints. Therefore, the strong shock is significantly reduced at both operating conditions,
as shown in the pressure distributions in Figure 3(a) and Figure 3(b). In the optimization runs with mesh
adaptation, areas around the leading and trailing edges are significantly refined, and many elements are
dedicated to the upper surface when discontinuities appear. However, in the optimization with fixed meshes,
elements are not efficiently distributed, and areas where flow discontinuities occur are not refined, which
causes high objective error as seen in the convergence plot shown in Figure 2(a). When the numerical
error is too high, for example on the coarse fixed mesh, the optimization on that mesh converges to a
noticeably different design compared to designs obtained from other optimizations, as shown in Figure 3(c).
Note particularly differences on the upper surface, to which the drag is most sensitive. As a result, the
“true” objective value for the optimized design on the coarse fixed mesh is much larger compared to designs
obtained on other meshes. In the optimization with the fine fixed mesh, the discretization error is still high,
but the optimization is able to get a similar design compared to the designs produced by optimizations with
discretization error control as shown in Figure 3(c). Although the “true” objective value is also close to the
objective values of our proposed methods with mesh adaptation (the difference among these three methods
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is below or comparable to the optimization tolerance, which means that the optimization on these meshes
converges correctly), the final objective value reported on the fixed mesh is far from accurate for practical
design and the cost is extremely high compared to our proposed methods, which is shown in both Table 2 and
Table 3. The two proposed methods, with either Hessian-based adaptation or MOESS, are able to obtain a
reasonable design, and the associated error estimation is also accurate enough to provide confidence in the
final design and computed output quantities.

0.0 0.2 0.4 0.6 0.8 1.0
x/c

1.0

0.5

0.0

0.5

1.0

c p

RAE 2822
optimized (coarse fixed mesh)
optimized (fine fixed mesh)
optimized (Hessian-based adapted mesh)
optimized (MOESS optimized mesh)

(a) Pressure distribution at M = 0.72
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(b) Pressure distribution at M = 0.76
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Figure 3. Pressure distribution for the initial and optimized designs (inviscid, transonic)

Table 3. Optimization results on different meshes (inviscid, transonic)

Total final DOF Jadapt
m Jadapt

m (“true”)

Fixed mesh (coarse) 51144 1.742× 10−4 ± 1.577× 10−4 3.973× 10−5

Fixed mesh (fine) 107688 4.833× 10−5 ± 2.090× 10−5 2.778× 10−5

Hessian-based adapt 58140 2.927× 10−5 ± 1.727× 10−6 2.765× 10−5

MOESS 38976 2.679× 10−5 ± 1.458× 10−6 2.533× 10−5

VI.B. Multipoint Turbulent Transonic Airfoil Optimization

Another problem considered in this paper is a more sophisticated fully-turbulent case. We set up a three-
point optimization problem at Reynolds number of Re = 6.5×106, with design Mach numbers as M1 = 0.72,
M2 = 0.74 and M3 = 0.76. The optimization again starts with the RAE 2822 airfoil, seeks an optimal shape
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and angles of attack to minimize the composite drag coefficients (equal weights are used, ω1 = ω2 = ω3 = 1/3)
subject to fixed lift constraints c∗`,1 = c∗`,2 = c∗`,3 = 0.75 and the same volume constraints used in Section VI.A.

For turbulent flow simulation at high Reynolds number, one of the key flow features is the thin boundary
layer. Due to the linear velocity profile in the viscous sub-layer, Hessian-based mesh adaptation is usually
inefficient since the Mach number Hessian is close to zero. Therefore, only MOESS with cost-based variable-
fidelity optimization is used in this case. In the mesh optimization for turbulent airfoils, many degrees
of freedom are put into the boundary layer with highly-anisotropic elements around the airfoil boundary.
Once the boundary layer is properly resolved, the discretization error drops quickly. Then, more degrees of
freedom are added to the upper surface, where a shock is present. The starting and final meshes at each
flight condition are compared in Figure 4.

(a) Initial mesh (b) Final mesh at M = 0.72

(c) Final mesh at M = 0.74 (d) Final mesh at M = 0.76

Figure 4. Initial mesh and final meshes during the optimization (turbulent, transonic)

The objective and mesh size are collected at each optimization step as shown in Figure 5. In the
convergence plot, we can see that the composite objective errors are close even for different designs during
the optimization, as the total degrees of freedom are optimally distributed among different flight conditions,
and the meshes are optimized individually at each flight condition. Although some oscillations on the
objective error are observed at the lowest optimization cost, mainly due to large shape changes and not
well-resolved adjoint solutions. As the shape is optimized and the meshes are refined, the objective error
also reduces and remains stable at the medium and highest cost levels, i.e., both the shape and meshes
converge to the optimum.

Figure 6(a)–6(c) shows the initial and final pressure distribution for each design point, the corresponding
final airfoil shape is shown in Figure 6(e). Similar to the inviscid case, the upper surface of the airfoil is
flattened, meanwhile more curvature is added to the lower surface aft section. As we can see in the pressure
distribution plots, the strong shock at each design point is either significantly reduced or the location of
the shock is moved, resulting a huge reduction on the composite drag coefficient shown in Figure 5(a).
Figure 6(d) shows the values of the drag coefficients under a range of Mach numbers with fixed lift trim
condition, c∗l = 0.75, for both the original RAE 2822 airfoil and the optimized design. The new design
achieves significantly lower drag values for Mach numbers above 0.72, while the performance on lower cruise
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Mach numbers is only slightly sacrificed as these points are not included in the optimization.

1 2 3 4 5 6 7 8 9 10 11 12 13
Iterations

0.010

0.012

0.014

0.016

0.018

Ja
da

pt
m

optimization tolerance
objective

8 10 121.05 × 10 2

1.07 × 10 2

1.09 × 10 2

(a) Objective convergence history

1 2 3 4 5 6 7 8 9 10 11 12 13
Iterations

10000

20000

30000

40000

50000

60000

70000

D
eg

re
es

 o
f f

re
ed

om

optimized mesh for M=0.72
optimized mesh for M=0.74
optimized mesh for M=0.76

(b) Mesh size evolution

Figure 5. Convergence history and mesh size evolution for different methods (turbulent, transonic)

VII. Conclusion

In practical aerodynamic design processes, the optimization problem has to be posed such that a range
of operating conditions, including off-design points, are considered in the objective as well as the constraints.
To ensure the convergence to the “true” optimal design, the numerical error at each design point has to
be carefully controlled. As the flow conditions involved can vary dramatically, a priori meshes appropriate
for all the design points can be hard to generate and are generally not sufficient for the requirements of
high-fidelity optimization.

In this work, we presented a variable-fidelity framework that integrates output-based error estimation and
mesh adaptation with a gradient-based algorithm for multipoint aerodynamic shape optimization problems.
The proposed framework can considerably facilitate the optimization setup and accelerate the design process.
The designer only needs to input an initial mesh, which can be fairly coarse and easy to generate. The mesh
adaptation (fidelity increase) is then tightly coupled with the optimization algorithm either with an error-
based or a cost-based strategy. The variable-fidelity optimization framework driven by mesh adaptation is
capable of preventing over-optimizing and over-refining, as shown in the test cases. Design optimization with
mesh optimization via error sampling and synthesis (MOESS) is shown to be more efficient and effective
by optimized computational cost distribution among various flight conditions and optimized meshes at each
point. This benefit can become more significant when higher fidelity is required, or when more highly
anisotropic physics govern the system.

With more judicious considerations of the objective functions and constraints, and additional parameters,
the new method can provide realistic configurations in practical design scenarios. Also, the computational
cost allocation adopted in this work is based on error equidistribution, which can be inefficient when different
convergence rates occur among the cases considered, or when any design point stalls the objective error con-
vergence. More appropriate ways to distribute the computational costs can be developed. Furthermore, only
mesh adaptation (h-adaptation) is considered here to control the discretization error. More efficient adap-
tation mechanics such as approximation order increment (p-adaptation), and combinations (hp-adaptation)
can also be applied to the proposed methods in the future.
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Figure 6. Pressure distribution for the initial and optimized designs
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