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Aerodynamic Shape Design/Optimization

Design/Optimization: Numerical Optimization + CFD Analysis

X0
Optimizer Analysis
Search Direction > Outpu_ts
Evaluations
; Sensitivity
No Line Search N Analysis
f—%
= >
> g (@) (_:thc
52(32||2<]s &
Z O |ld =||@
Converged ? s 2SF|S 5 g_g
n ~“||Q x - =
® oo
S
Yes |
x* Reality

G. Chen, K. J. Fidkowski (UM) Airfoil Shape Optimization Using Output-Based Adapted Meshes ~ AIAA Aviation, 2017 4/33



Aerodynamic Shape Design/Optimization

Design/Optimization: Numerical Optimization + CFD Analysis
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Improving Optimization Accuracy and Efficiency

Traditional methods

@ a priori mesh: numerical error not controlled during
optimization

@ fixed fidelity: optimizing on fixed mesh resolution

v

Proposed method

@ Multi-fidelity optimization: reduce the computational
resources at the early stages of optimization

@ Adjoint based error estimation and mesh adaptation: actively
control the numerical error during the optimization

Integration

@ ——— Multi-fidelity optimization driven by error estimation
and mesh adaptation:
Initial shape = Optimal design, Coarse mesh = Fine mesh
Goal: prevent over-refining and over-optimizing M
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9 Optimization Problem
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Optimization Problem Formulation

General optimization problem

@ Determine the design variables x that minimize the objective
function J:

min J(U,x)
s.t. R°(U,x) =0
R(U,x) > 0

@ U denotes the flow variables, R¢ and R® are the equality and
inequality constraints.

Aerodynamic optimization

@ Objective and constraints are aerodynamic outputs

@ Physical feasibility: Flow variables U are solved within a
feasible design space (2 to satisfy the flow equations,

R(U,x) =0, VxeQ m
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Adjoint and Design Equations

Objective and trim constraints

@ Objective outputs: directly targeted for mesh adaptation,
denoted as Jadapt

@ Trim constraints: We only consider the equality constraints R®
and active inequality constraints Ri¢,

Rtn'm _ [Re R;e]T _ Jtrim . jtrim -0

| A\

Augmented Lagrangian functions

The adjoint-based optimization is equivalent to searching for the
stationary point of the augmented Lagrangian function,

L(U,x,\, ) = J9%YU, x) + ATR(U, x) + p"R"™(U, x)

where A and p are Lagrange multipliers associated with the flow
equations and the trim constraints, respectively E
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Optimality Condition

@ First-order optimality (Karush-Kuhn-Tucker) condition

oL ojdwt  _9R L ORWM : ,
- ox + A x +u o = 0 optimal design
oL oyt 9R  ,ORUIM .
30 = 30 + A 90 + @ 50 0 coupled adjoint
gi =R(U,x) =0 physics feasibility
oL =R"™(U,x) =0 trim condition
op

@ Always physically feasible: R(U,x) = 0
@ Choose coupled adjoints variables, such that,

L _ o )\T - (8Jadapt TaRtrim> 8R71

au M au ) au
— (lI,adapt + \I’mm[,l,)T
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Reduced optimality condition

@ Coupled adjoints: AT = (w24t  gtim )T where

adapt T im T
aiRT\I,adapt 4 e —0 87RT trim + 2 -0
ou ou ’ ou ou
@ Sensitivity Analysis

oL _ ) Jadapt T OR - 8Rtrim

ox  Ox + x tH ox
QJadapt OR OR'im i 7 OR
— + (\I,adapt)Ti + /J'T ( trlm)Ti
ox 0x ox ox
d Jadapt r d Jtrim
- dx TH dx

@ Reduced optimality condition:
oL d Jadapt r d Jtrim
Ox  dx th dx
oL
op

0

— Rtrim -0
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Outline

e Discretization

G. Chen, K. J. Fidkowski (UM) Airfoil Shape Optimization Using Output-Based Adapted Meshes  AIAA Aviation, 2017 11/33



o Conservation law:  du+ V- H(u, Vu) = 0
where H = F(u) +G(u,Vu)
~~ — =

total flux  jnyiscid flux  viscous flux

@ DG approx of order p, on each element:
Ne NP

uh()_c') = Z Z Ue,n(ée,n(f)

e=1 n=1

N, = #of elements
pe = approx order on element e

N,, = # of basis fcns on element ¢

A . .
° den(¥) = n' basis fcn of order p, on e
U,, = coefficients vector of n
| basis function on element e
domain A element e
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@ Error Estimation and Mesh Adaptation
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Output-Based Error Estimation

For a given configuration (design) x, the outputs (objective and
constraints) are based on a pure CFD flow solve.

Output Error: 6J = Jy(Uy, x) — J(U, x)

This is the difference between J computed with the discrete
system solution, Uy, and J computed with the exact solution, U.

Error Surrogate: 6J = Jy(Uy, x) — J,(Up, X)

The difference between outputs on coarse and fine discretizations.

coarse space: — Ry(Uy,x) =0— Uy — Jy(Uy,x)
—_——————— ——

Ny flow equations statecRVH
fine space: — Ry(Up,x) =0 — U, — Ju(Up,x)
——— ~—
N, flow equations state € RVn
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Adjoint-based Error Estimation

@ State injection: U = I/Uy
@ U will generally not satisfy the fine-space equations,
R; (UhHa x) # 0

@ Recall the definition of the output adjoint, gg v+ o o
W relates the residual perturbation to an output perturbatlon,

residual linearization

aJ 7 OR .
oJ ﬁéU — wéU ~ —W )R
adjoint (\ireﬁmtmn

0J = JH(UH, X) — Jh(Uh,X) = Jh(UhH,X) — Jh(Uh,X)

~ —WIsR, = — IR, (U x)

@ Error (Adapt) indicator: the error is localized in each element
and serves as an adaptation indicator, n, = |@,{eRh,e(UhH ,X)|
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Error Estimation and Mesh Adaptation for Optimization

@ Numerical error affects both objective and constraint outputs.
@ How to estimate the error and adapt the mesh efficiently?
@ Both errors can be obtained via adjoints.
@ Possible adaptation strategies:
@ Adapt only on the objective
Error due to inexact constraints satisfaction
@ Adapt equally on the objective and constraints
Inefficient, expensive to keep all outputs very accurate
© Adapt on combined/weighted outputs
The weights? Adapt more on objective/constraints?
© Adapt on the optimization problem (coupled adjoint)

coarse space: Xo — optimization — Xy, Uy — Ju(Ug, Xjy)
——
optimal design
fine space: Xo — optimization — x;,U, — J4(Up, x},)
——

optimal design
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Error Estimation and Mesh Adaptation for Optimization

"Mesh" + i——+f—>5R_>lPadapt—>6Jadapt\
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Error Estimation and Mesh Adaptation for Optimization

"Mesh" + i‘—+f"5R—>‘PadaPt—>5 Jadapt\'
' dJdap! Process
evzﬁimz:\m Flow Simulation Post Processing Ly Jadapt =
fine shace R (D) 0 Optimizing
AN ’\Padapt
- ’\Ptﬂm dx Triming opt
trim il
R, (U) 0 Post Processing - Jtrim R™ =0
i i v adapt
b&R—"I’mm —>6J tnmj SRTm oJ ont
!
. . v _/_j
At optimality: »SR—>A, jt

5 Jadapt _ A’ZZ“ (5Rh o ; 5Rtrim
= ~NRu(U xn) — i Ri™ (U} xp)
—(T 4 W) TR(UY ) — iy (B (U xm) — J5)
~0

— 5Jadapt (XH) + uzl"(;.]trim (XH)
Note: Jgim(UH, XH) Jmm(UH, XH) — jtrim _ J}lrim (U/’h Xh)
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Error Estimation and Mesh Adaptation for Optimization

Optimality error estimation
d Jadapt T d Jtrim
dx tH dx
D™ = U (k) T (x)

objective error only  inexact constraints satisfaction

=0

What does u mean?
It is the objective sensitivity w.r.t constraints and measures how
much the constraints error can affect the optimal objective.

Mesh adaptation implementation

Adapt (error) indicator: 7, = [} Ry (U, xy)|

Combined indicator: 7 opr = 75" + | | i

W, reconstructing the coarse space adjoints ¥y

w,: extracted from the optimizer on the coarse space E
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e Optimization Approach
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Multi-fidelity Optimization with Error Control

Geometry and Mesh

@ Airfoil parameterization: Hicks-Henne basis function
@ Design parameters: airfoil shape + angle of attack
@ Mesh movement: Radial Basis Function (RBF) interpolation

Optimization Algorithm

@ Sequential Least Squares Programming (SLSQP)
@ Broyden-Fletcher-Goldfarb-Shanno (BFGS) Hessian update
@ Inexact line search: weak Wolfe condition
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Multi-fidelity Optimization with Error Control

Geometry and Mesh
@ Airfoil parameterization: Hicks-Henne basis function
@ Design parameters: airfoil shape + angle of attack
@ Mesh movement: Radial Basis Function (RBF) interpolation

Highest fidelity Result from a lower Result from a lower
. fidelity Cq.0 fidelity .0

Optimize at current
fidelity €4
Optimize at highest Optimize at current idelity
fidelity € final fidelity €4

Output error estimate, &
Acq = legupdare = €dl
o

Highest fidelity

Optimize at highest
fidelity €4, final

Output error estimate, &

Mesh

Mesh
adaptation

No No e No
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Acy = Icqupdate = €a N o d ‘dupdate — Cd

o

Ye No
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€5 = €d final
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¥
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Outline

G Results and Discussion
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Laminar, Subsonic Flow (nearly feasible starting point)

NACA 0012, Re = 5000, Mo, = 0.5, g = 0°
JAPE = g, JUM = ¢, JUM = 0.02, A > Apin J
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Laminar, Subsonic Flow (nearly feasible starting point)

NACA 0012, Re = 5000, M, = 0.5, ap = 0°
JAPE = g, JUM = ¢, JUM = 0.02, A > Apin
0.0570 —}— Objective (No Adapt)

—— Objetive (Adapt on Drag)
—}— Objetive (Adapt Equally)

—— Objective (Adapt on Opt)
0.0560 shaded area is optimization tol

0.0565 first optimization step

0.0555

o
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Iterations
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Laminar, Subsonic Flow (nearly feasible starting point)

NACA 0012, Re = 5000, Mo, = 0.5, g = 0°
JAPE = g, JUM = ¢, JUM = 0.02, A > Apin J

—e— No Adapt

—=— Adapt on Drag
—— Adapt Equally
6000 —»— Adapt on Opt

o
o
o
o

Number of Elements
w B
) 1
(=] (=]
) =)

N
o
o
o

/|

0 1 2 3 4 5 6 7 8 9 10 11
Iterations

1000

G. Chen, K. J. Fidkowski (UM) Airfoil Shape Optimization Using Output-Based Adapted Meshes  AIAA Aviation, 2017



Mesh Evolution

initial mesh (533 elements)
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Mesh Evolution

TR
SN VAV

no adapt (3796 elements)
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Mesh Evolution

IR GRN
R VAVAVAS

no adapt (3796 elements) drag adapt (894 elems, T4
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Mesh Evolution
YAy

drag adapt (894 elems, wadart)

adapt equall

—

1253 elements)
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Mesh Evolution

CEANDS
Sl

v %
AR

Ay =
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Optimized design (Mach Contour 0 ~ 0.6)

initial airfoil (v = 0°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 0.27°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 0.27°) adapt on drag (o = 0.30°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 0.27°) adapt on drag (o = 0.30°)

adapt equally (« = 0.25°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 0.27°) adapt on drag (o = 0.30°)

adapt equally (« = 0.25°) adapt on opt (o = 0.24°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 0.27°)

Initial Airfoil
= = = No Adapt
Adapt on Drag|
= = = Adapt Equally
Adapt on Opt

adapt equally (« = 0.25°) final design
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Laminar, Subsonic Flow (infeasible starting point)

NACA 0012, Re = 5000, M, = 0.5, ag = 0°
JAP = ¢y, JUM = ¢, JU = 0.1, A > Apin
0.061 / —f— Objective (No Adapt)
—}— Objetive (Adapt on Drag)
0.060 —]— Objetive (Adapt Equally)
—}— Objective (Adapt on opt)
0.059 shaded area is optimization tol
0.058
]
Y 0.057
0.056
0.055
0.054 first obfimization step
<+—nitial mesh
0.053 o 1 2 3 a4 5 6 7 8 9 10 11 m
Iterations
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Laminar, Subsonic Flow (infeasible starting point)

NACA 0012, Re = 5000, M, = 0.5, ag = 0°
JAP = ¢y, JUM = ¢, JU = 0.1, A > Apin
0.061 —f— Objective (No Adapt)
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Laminar, Subsonic Flow (infeasible starting point)

NACA 0012, Re = 5000, M, = 0.5, ag = 0°
Jadapt = ¢y, Jim cl, jt[‘ll’l’l =0.1,A > Amin
0.061 / —f— Objective (No Adapt)
—}— Objetive (Adapt on Drag)
0.060 —+ Objetlve (Adapt Equally)

0.059
0.058

S
0.057
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0.055

0.054 first optimization step

4———nitial mesh
o 1 2 3 a4 5 6 7 8 9 10 11 m
Iterations

0.053
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Laminar, Subsonic Flow (infeasible starting point)

» u =)
[~ o o
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o o o
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Mesh Evolution

initial mesh (533 elements)

G. Chen, K. J. Fidkowski (UM) Airfoil Shape Optimization Using Output-Based Adapted Meshes  AIAA Aviation, 2017 27 /33



Mesh Evolution

TR
SN VAV

no adapt (3796 elements)
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Mesh Evolution
WANA

no adapt (3796 elements) drag adapt (1439 elems, &)
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Mesh Evolution
vy

drag adapt (1439 elems, ¥2dart)



Mesh Evolution

CERARTS
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no adapt (3796 elements) drag adapt (1439 elems, &)
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Optimized design (Mach Contour 0 ~ 0.6)

initial airfoil (v = 0°)
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Optimized design (Mach Conto

no adapt (o = 2.53°)
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Optimized design (Mach Contour 0 ~ 0

no adapt (o = 2.53°) adapt on drag (o = 2.46°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 2.53°) adapt on drag (o = 2.46°)

adapt equally (o = 2.39°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 2.53°) adapt on drag (o = 2.46°)

adapt equally (« = 2.39°) adapt on opt (o = 2.40°)
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Optimized design (Mach Contour 0 ~ 0.6)

no adapt (o = 2.53°)

Initial Airfoil
= = = No Adapt
Adapt on Drag
= = = Adapt Equally
Adapt on Opt

0.2 0.4
x/c

adapt equally (« = 2.39°) final design
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Inviscid, Transonic Flow

NACA 0012, M, = 0.8, ap = 1.25°
Jadapt = ¢y, Jtrim =, jtrim _ 04’ A 2 Amin J
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Turbulent, Low-Speed Flow

NACA 0012, Re = 10°, M, = 0.15, ag = 6°
JARE = ¢y, JU = ¢, JUM = 0.6, A > Apin
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Turbulent, Low-Speed Flow

NACA 0012, Re = 10°, M, = 0.15, oy = 6°
Jadapt — o gtim — o guim — 0 60 A > A
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e Conclusions and Future Work
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Conclusion

Conslusions:

@ Numerical error should be carefully controlled as the shape
and mesh change during the optimization

@ We integrate output-based error estimation and mesh
adaptation with a traditional gradient-based algorithm

@ Error tolerance serves as the optimization tolerance at each
fidelity, fidelity increases through mesh adaptation.

@ Coupled adjoint error estimation offers a more efficient way to
adapt the mesh for constrained optimization problem

@ Prevent over-refining and over-optimizing during optimization
Future Work:
@ Develop improved and automated fidelity increase strategy

@ Avoid overshot refinement, allow more mesh redistribution
and coarsening, optimize mesh during the optimization

@ Combined with h-p refinement
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Sensitivity Verification
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Adapt Indicator
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Complete Error Estimation
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Error Estimation and Mesh Adaptation for Optimization

"Mesh" + x——+ K—’ﬁR—"Padapl'—’ 5. Jadapt\‘

'
v Flow Simulation
Residyal evaluation

in fire space R1 (U) 0
| [R@|_ o

Post Processing

Adjoint Solve

Post Processing

&) Lo

&_, S R_>1Ptrim —5 Jtrim J
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Error Estimation and Mesh Adaptation for Optimization

Mesh' + Xt———— ——>GR—- PPl gl Flow problem:
° ::) evatt Flow Simulation Post Processing Jadapt
95.\ l{a evaluation
s | S| 00~ 1,(Uf%) — (U )
- | pim = —WlsR,
R,(U) 0 Post Processing ..Jtru‘n T e
k_,éR_,\Ptrim_.(sjtrimJ - _‘Ilh Rh(Uh ) X)
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Error Estimation and Mesh Adaptation for Optimization

"Mesh" + x——+ K—’ﬁR—"Padapl'—’ 5. Jadapt\‘

v Flow Simulation

Residyal evaluation

in fire space Rl(U)
o [ R@) |
R(U)

Post Processing J adapt
g ’\_I/adapt
0
B _’lIltrlm
0 Post Processing ..Jtrim

k_. S R_>1Ptrim —5 Jtrim J

During optimization:

Flow problem:

0J ~ Jh(UzI,X) — Jh(Uh,X)
= —¥/6R,
= —‘I’ZR},(UZI, X)

G. Chen, K. J. Fidkowski (UM)
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Error Estimation and Mesh Adaptation for Optimization

--M_esh” + x-—+ K—»&R_.qjadap[—b(s Jadapt\‘
Res\d;{a\ evaluation R Féuli)SimL"aﬁonO Post Processing \]adapt
: - : Ly \plrim —
R,(U) 0 Post Processing e Jtrim .
k—FﬁR—’Tmm_’é Jtrim J -
During optimization:
oL gy OR OR!I™
x ox N ax M o
oL _ b) Jadapt N )\T R 8Rtr1m
U~ au a0 TH o0
oL
™\ =R(U,x)=0
oL
au Rtrlm(U X) 75 0

Flow problem:

te-padapt 0J =~ Jh (U;Z-I, X) — .]h (Uh, X)

—WlsR,,
- ‘IIZRh (U{;Ia X)

£0

=0
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Error Estimation and Mesh Adaptation for Optimization

Mesh' + Xy ——=§R—\padapl— g Jadapl~ Flow problem:

v Flow Simulation
Residyal evaluation

in fire space R1 (U) 0
| [R@|_ o

Post Processing

Adjoint Solve

Post Processing

te-padapt 0J =~ Jh (U;Z-I, X) — .]h (Uh, X)
_,\Ptrim — _\Il]{éRh

&) Lo

: A = —¥ R, (U}, x
&_,6R_>lIllrlm—>5JtrlmJ h h( h )

During optimization:

0T = —X[0R;, — p! SRG™
= AR, (UH x) — p"RI™(UH x)
= (O™ ) R (U} x) — pf (7™ (UF %) = T (U, x)
= 87 4 af (W TR(U] ) o

§Jtrim

= Jadapt

G. Chen, K. J. Fidkowski (UM) Airfoil Shape Optimization Using Output-Based Adapted Meshes  AIAA Aviation, 2017 4/10



Error Estimation and Mesh Adaptation for Optimization

"Mesh" +

'
Residual
evaludtion in
fine shace

N

=

X

—*r_. S R_,\I;adapt —5 Jadapt
\ d. Jadap
Flow Simulation Post Processing Ly Jadapt i
Ri(W) o ’\Padapt
. - . dx

Post Processing

rw] Lo

\__, S R__,\Ptrim —>5. Jtrim J

Process
Optimizing .
dapt
Ja
Triming opt
Rtrim =0 [T T
v adapt
5Rtn'rn 6J, P
|

opt
—
»SR——>A, 1
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Error Estimation and Mesh Adaptation for Optimization

"Mesh" + }c——*r—>5R_>\I;adapt_>5 Jadapt\‘
' dJdap! Process
evzﬁf;z:‘m Flow Simulation Post Processing Ly Jadapt =
fine shace R (D) 0 Optimizing H
h ’\Padapt
- "Tmm dx Triming opt
trim |
R, (U) 0 Post Processing .>Jtrim R™ =0
\__. S R__,\Ptrim —>5. Jtrim J 5R¥nrn S Jadapt

opt
At optimality: véR—%fﬂ/"j

oL gy LR 7 OR"™

ox  Ox g—i_“ ox =90
% _ o Jadapt N )\ 87R 8Rtr1m o
au ~  au o0 M ou =
oL

a = R(U,X) —0

oL

7:RtrimU :0
S = Rm(UY)
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Error Estimation and Mesh Adaptation for Optimization

"Mesh" + }c——*r—>5R_>\I;adapt_>5 Jadapt\‘
' dJdap! Process
evzﬁf;z:‘m Flow Simulation Post Processing Ly Jadapt =
fine shace R (D) 0 Optimizing H
h ’\Padapt
- "Tmm dx Triming opt
trim |
R, (U) 0 Post Processing .>Jtrim R™ =0
\__. S R__,\Ptrim —>5. Jtrim J 5R¥nrn S Jadapt

opt
At optimality: - R—>ﬂjﬂ/"j

ST = —ATOR, — pT SRY™
= —A"Ru(UY, xu) — p R (U i)
= — (" 4 @) "R(Uf xa1) — paf, (U7 (U] xir) — )

~0

= Jadapt(XH) + wl 5 Jtr1m<XH>
Note: JIM(UH xy) = JE™(Uy, xy) = JU™ = J5™(U,, x,,)
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Error Estimation and Mesh Adaptation for Optimization

Optimality error estimation

d Jadapt T d Jtrim
=0
dx tH dx
5J§§?Pt _ 5Jadapt(XH) + u’;&]trim (XH)

What does pu mean?
It is the objective sensitivity w.r.t constraints and measures how
much the constraints error can affect the optimal objective.

| A\

Mesh adaptation implementation

Adapt (error) indicator: 7, = |‘I’Z;,€Rh,n(U£],XH)‘ |
Combined indicator: 7, opt = phdept 4 || Tt
~~ ~—

K

objective error only  inexact constraints satisfication

W ,: reconstructing the coarse-space adjoints ¥y
w,: extracted from the optimizer on the coarse space

A\
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Airfoil Parameterization

@ Hicks-Henne basis functions: linear combination of "bump"
functions added to the baseline airfoll

) } } Hicks-Hgnne b‘asis ! { ; } n

W RAlE 2= Zbase + Y _ aidhi(x)

08 "J ‘\\ \\‘ 1 i—0

lin ¢i(x) = sint" (m™)
i m; = In(0.5)/ In(xy,)
\AY Il x: coord along the airfoil chord
[\l z: vertical surface coord
"l |l xu, : maxima location

t; : width of the bump function
@ Design parameters: x = [«,ay, a2, - - ,a,]"

Coefficients of Hicks-Henne basis + angle of attack a

G. Chen, K. J. Fidkowski (UM)
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Mesh Movement

@ Radial Basis Function (RBF): only depends on the distance
from the origin or a center, e.g. ¢(x) = e

@ We can use a sum of RBFs ¢(]|x||) and a polynomial p(x) to
interpolate the original func}\i}on (mesh movement):
b

d(®) ~d®) = Fo(|¥ - %) + 5
i=1
@ Solving for a linear system O(N,) of r;
@ Mesh connectivity information not required
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Constraints, Nearly Feasible Starting Point

----- Target Trim Output

—f— Trim Output (No Adapt)

—f— Trim Output (Adapt on Drag)
—f— Trim Output(Adapt Equally)
—f— Trim Output (Adapt on Opt)

0.03

0,02 -t ¥ .

<

0.01

0.00

-0.01
o 1 2 3 4 5 6 7 8 9 10 11

Iterations
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Constraints, Infeasible Starting Point

0.10 1 -

0.08

0.06

C

0.04

----- Target Trim Output

—f— Trim Output (No Adapt)

—f— Trim Output (Adapt on Drag)
0.00 —f— Trim Output (Adapt Equally)
—f— Trim Output (Adapt On Opt)

0.02

0 1 2 3 4 5 6 7 8 9 10 11
Iterations
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