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0 Motivation



How does discretization error affect optimization?

Aerodynamic design/optimization: numerical optimization + CFD analysis

>

------ exact objective
numerical objective
error estimation

saddle point

objective functional

fake optimum

inaccurate optimum

>
design variable

Discretization error can have detrimental effects on optimization
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Motivation in multipoint aerodynamic optimization

Single-point aerodynamic optimization:
@ How do we control the discretization error?

Fixed fine mesh X
Adapted for the initial design X
Actively-adapted mesh

Multipoint aerodynamic optimization:
@ Error should be controlled at each design point (flight condition)

@ What mesh to use in multipoint optimization?

Single mesh adapted for all the flight conditions X
Multiple meshes adapted individually
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Example: fixed-lift drag minimization at M, = 0.72

RAE 2822, a priori mesh
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e Multipoint optimization formulation



Multipoint aerodynamic optimization problem

@ Determine the design variables x that minimize the composite objective
function J":

Nm
: adapt __ adapt
min - Jj; Pl—= E wilJ; P (U, x)
i=1

st. Ri(Uy,x)=0
RO (U, x) = J™ — I = 0
@ N,,: number of design points
@ J*": adapt (objective) output, direct target for adaptation, e.g., ¢,
@ Jiim: trim outputs, indirectly affect objective, e.g., ¢,
@ Jiim: constant target values for trim outputs
@ R;(U;,x): flow governing equations; U;: flow states vector
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Adjoint and design equations

Lagrangian function:

L= Z JadaPt U,,X +i>\ R Ul,X +Z”’TRmm U X

First order optimality (KKT) condition:

N

oL
2

oL aJ fddpt rOR; T aRErlm

= Ld[

1) 0f
oL
O
oL
Op,
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U, iau;, P
= Ri(Ui; X) =0

Nin

9 jadapt Nn 8R erlm
Z )\T Z T = design equations

+A

=RI'"™(U;,x) =0

Output-based Mesh Adaptation for Variable-fidelity Multipoint Aerodynamic Optimization

=0 adjoint equations
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trim equations
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Reduced optimization problem

Decompose the design space x = [x,, x,]7, given active design x;, trimming
with trim variables x, = R"™(U;, x,) = 0, dim(x,) = Y dim(R¥™) = dim(R"™)

oL .
87)\1. = Ri(Ui,Xme) =0 flo ons
oL ;

aim - RErlm(Uh Xtv XS) = 0 trl .OnS

Current state U; ) - Yes
Current trim variables x; —» Solve R;(U;,x;) = 0—[|JF™(Uj, %) — I < €4rim? —» Done

Trim tolerance €gyim
No
. . . T con dJlrim
Update trim variables: Compute sensitivity matrix: T
Input x; e .
X . .. .
Xp = X¢ + [ o ] AJ - 1. Solve trim adjoints at each point:
trim Jtrim trim IR 2 trim a3y g
Agtrim = Jurim _ 3 [] w4 [257] =0
2. Compute sensitivity at each point:
dgirim _ pgirim trim] T R,
dx, ~—  0xy + [q’l ] x4
3. Form sensitivity matrix:
agrim [dggim aggim th,:]-i’:x;
dxr, - dxy, ) dxz L] dx,
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Reduced optimization problem

Reduced optimality condition:

Nin

N adapt Nn
oL 3J P OR; 8R‘“m
o = Z Z )\T = active variables
Nn adapt Nm
oL 8] P OR; 8Rmm
= Z + Z )\T Z T — cou joints
1 -
oL ) J‘fidapt 8Ri 8R§nm
i + AT rZi cou joints

au;. Yo, iau;, MU

Solve for coupled adjoints:

o J?dapt 8R§rim 6Ri -1
)\T = — (Wi L + NT L — (wl\I,adaP[ + \I’mml,l,l)

! au; ' ouU; | ou;
N adapt trim \ —1
dJ; dJ
T _ [, T T _ _ aJ;
H = [IJ’la“-y“Nm] <;wl dX, ) ( dX[ )
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Reduced optimization problem

Coupled adjoints:

o adapt trim =1
)\,I _ _ (wi (9], + TaRl ) % — (wl\Iladapt + \Ilmmul)

ou. "M Tou ) o,

Ny adapt trim \ ~!
dJ: dJ
T _ T Ty1_ _ L
wo= sy, (Zw’ dx, ) ( dx, )

i=1

Reduced optimality condition:

or B Ny 8 Jaddpt % )\T IR, % , aRErim
ox, — " Ox
Ny adapt Ny Ny i
5 " aR aRt“m
— ; 1] ; \I’d apt\ 7' lI,mm ]
p Yo, * ;[w () + i ( /! Ox,
N adapt Ni
8 J P! ad Jtrlm . aR
— ; i ‘I’d dPt ‘I,t'rlm T i
?"[axs Fpr O3 <,>8XS

N adapt Nin trim
- ' dx, * 1 Hi dx,
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Reduced optimization problem

Coupled adjoints:
OJ P LOR¥™\ OR; T

T dapt trim T
)\I = — | w; . — = (w; P + v .

’ ou, MU au, T @ )

N adapt trim \ —1
p =l e == (D o i (dJ )
- 1> N, | — i
4 P dax; dax;
Flow solve Total gradient evaluation

Current state U;

. . dJgadapt trim .
Current trim variables x; — Solve R;(U;,x;) = 0—> Zi\’: i (wi = ;LiT d‘;;s ) ——— Optimizer
Trim tolerance €gyim ‘
Jadapt
m
138 (U3, %) — 8| < €prim? ,

Trimming solve

Input x; Design update Ax,
Optimizer drives the gradient to zero (to optimization tolerance e,):

N

oL aya

9~ _ wj
OX; — dx,
1=

N trim
rddi™

+) i

0

plug in both A; and p;
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e Error estimation and mesh adaptation



Error estimation

Consider a given design x;

coarse space: X, o — trimming — Xr.1, Un — Ju(Un, X, 1)
——
inexact trim satisfaction
fine space: X; o — trimming — Xr.h, Up — Jy(Up, Xe.1)
——
exact trim satisfaction

Error estimate for the adapt outputs

N Coarse space Fine space
m

ST =3 o [T (Ui Xer) = I3 (U %)

i=1

Nin
_ adapt (yTH adapt
= E :Wi {Jh,i (Uhis Xe11) — Iy (Uh,iaxr,h)]

i=1
Fine space flow residual, R; (U}, X;.u) # 0
Fine space trim residual
R (U %e) = B (U] w0 ) =3 = B0 (Up g 0) = 37 = 0
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Error estimation

Recall the optimality condition:

ot TaR
+ Z Al

oL &

ox 2,
oL _ ot
ou;

Nin Rtrlm

OR, aRtnm
by I —9
au, " Nau, TH o,
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Error estimation

Recall the optimality condition:

N adapt N
o dap N TaR“
) J?dapt ’ 8Ri T 8R}[‘1m
Wi = —A; —
au; “ou;, Mo,
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Error estimation

Recall the optimality condition:
N/H

Al adapt -~
ZwiaJ,» :72 R Z TaR
i=1 8X, i 8x
andapt T 8Rl T 8R§nm
Wi——— = —; B i
ou: $ou; a oy;
Error estimation using coupled adjoints
N
SJ2dapt — Z [szlapt(Uh HXeH) — szlapt(Ull,i,Xt7h):|
i=1
N adapt adapt
= sz a-]h i i + aJh,z 5Xl
0x,
Nm »
- — Z(Allhié‘Rh i + l,l,h 15R[l’lm)
i=1
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Error estimation

Recall the optimality condition:
N/H

Nin adapt trim
e =
— ox, L ox,
) J?dapt ’ 8Ri T 8R}[‘1m
Wi—F7— = —A; — K
U, “ou;, M Tau
Error estimation using coupled adjoints
Nm
O =y [P (U Xear) = T (Uniy )|
i=1
N a szlapt a JZtiiapl
e Z wi i + axt 5X[
N,

3

Z >‘/1 16Rh i+ 127 15erlm)
i=1

N
Z >\/1 ,Rhl thaXtH)]
i=1
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Mesh adaptation (error-based)

N N
oTam = =N "N Ri(Uf o xem)] = = ) (i)™ + Wi, )Ry (UF, X, 1)

i=1 i=1

S

N,

(wi b2 4 gl SM) = Z 6J‘“§?pt = Localize to each design point

|
=1
&

S

wi| (@ ad“f")TR, ol + |1l ||(E™TR; |, omit subscript A

—_

INA
1t

Z

7, = Localize to each mesh element
1

Mesh adaptation can be either error-based or cost based:

I
o
I

Given error tolerance &, first equally distribute the maximum allowable error,

max(8J5™) < & = E/N,

At each design point, refine the mesh until the error estimate drops below the
tolerance. We use Hessian-based goal-oriented mesh adaptation in this work.
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Mesh adaptation (cost-based)

Given a total cost C, we can also optimize the meshes to reduce error.
How should we distribute the cost?  Assume a priori error-cost model,

c ) (@p+1)/d

m,i ’

|5Jadapt| C (2p+1)/d N 5Jadapt _ 6Jadapt ,0 (
CO

Error equidistribution requires,

adapt,0 2;+l)/d
f Ci C 6Jm lp ‘| Crinz 1 2
L= — = 1=
i adapt,0 ’ m
G 5],”,1

Redistribute the cost with desired cost ratios,
e
S

At each point, optimize the mesh: perform mesh optimization via error
sampling and synthesis (MOESS)

Z Mie s.t. C; = const
e

Ci =
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Adaptive multi-fidelity optimization

Error-based multi-fidelity optimization:
max allowable objective error | = mesh refinement = fidelity

T .
Lel |

Flight condition 1

€1
—> Flow solve

Trimming solve

Flight

N

{ Design update }—»@\m—»
€

. € Flow solve
Design X l y

Trimming solve

il

Flight condition N

€ Flow solve
N, |

[
L

Trimming solve

Hessian-based
adaptation

No.
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Adaptive multi-fidelity optimization

Cost-based multi-fidelity optimization:
given cost 1 = mesh optimization = objective error | = fidelity 1

Cost C 1 N

Flight condition 1

Q» Flow solve

Error adapt
estimation 5Jm

Trimming solve

Hl

dapt
sete &= 8J5 P

Flight condition 2

Flow solve [ 3 } - - . .
Design update Converged ? >-Yes—- |ghesC§ fidelity 2>-Yess(Final design
€ max

Trimming solve || [
q L1 Sensitivity

Flight condition N

Design X

I

Flow solve

Trimming solve

I

MOESS
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e Results and discussion



e Average drag minimization Jo*™ = ¢y, w; = 1/N,,

@ Lift trimming constraints: ¢, ; = ¢¢;

@ Airfoil parameterization: Hicks-Henne basis function

@ Design parameters: airfoil shape (shared) + angle of attack (separate)
o

Discretization: discontinuous Galerkin (DG) p = 2, cubic curved boundary
elements

Mesh movement: inverse distance weight interpolation
Optimization algorithm: sequential least squares programming (SLSQP)

Function/Variable = Description Quantity
Minimize Zf\; | WiCa,i weighted drag sum 1
With respect to X shape parameters Mg
X, angles of attack N,
Subject to cpi—Coi=0 lift constraints N,
A—Apnin >0 volume constraint 1
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JUPL— ¢, Juim — ¢, Juim — Juim — () 75 A > 0.95A,

Inviscid RAE 2822, M, ~, = 0.72, M », = 0.76, J

final mesh at M = 0.72, MOESS
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Inviscid two-point transonic airfoil optimization

102

optimization with fixed mesh (coarse)
optimization with fixed mesh (fine)
optimization with Hessian-based adapt
optimization with MOESS

bt

10-3 shaded area is optimization tolerance

] :'dapt

1074

N

T

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Iterations

adapt adapt
m m

(“true”)
Fixed (coarse) 1.742 x 107*+1.577 x 10°%  3.973 x 10>
Fixed (fine)  4.833 x 107> +£2.090 x 10~  2.778 x 1073
Hessian-based  2.927 x 107 +1.727 x 107°  2.765 x 1073
MOESS 2.679 x 1075 +1.458 x 107°  2.533 x 1073
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Inviscid two-point transonic airfoil optimization

50000

—— fixed mesh (coarse)

—— fixed mesh (fine)

—=— Hessian-based adapted mesh for M=0.72
—e— Hessian-based adapted mesh for M=0.76

£ 40000
o —s=— optimized mesh for M=0.72
§ —e— optimized mesh for M=0.76 [P,
& 30000 /
[T
)
0 /4
]
520000
@
a
10000
o1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Iterations
Final total dof = Wall time (CPU*hours)
Fixed (coarse) 51144 164.67
Fixed (fine) 107688 572.67
Hessian-based 58140 88.26
MOESS 38976 31.60
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Inviscid two-point transonic airfoil optimization

-0.5 RAE 2822

optimized (coarse fixed mesh)

optimized (fine fixed mesh)

optimized (Hessian-based adapted mesh)
optimized (MOESS optimized mesh)

0.0 0.2 0.4 0.6 0.8 1.0
x/c

-1.0

pressure distribution at M = 0.72
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Inviscid two-point transonic airfoil optimization

-0.5

RAE 2822
optimized (coarse fixed mesh)

optimized (fine fixed mesh)

optimized (Hessian-based adapted mesh)
optimized (MOESS optimized mesh)
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Inviscid two-point transonic airfoil optimization

0.06
‘.-“‘4““““
0.04
0.02
9 rnnl L et
¥ 0.00
-0.02
RAE 2822
-0.04 %' --- Optimized (fixed coarse mesh)
--- Optimized (fixed fine mesh)
--- Optimized (Hessian-based apated mesh)
-0.06 Tt S --- Optimized (MOESS optimized mesh)
0.0 0.2 0.4 0.6 0.8 1.0
x/c

optimized shapes

G. Chen & K. J. Fidkowski Output-based Mesh Adaptation for Variable-fidelity Multipoint Aerodynamic Optimization June 18, 2019 20/24



Turbulent RAE 2822, M, o, = 0.72, M, o, = 0.74, M o, = 0.76
JHpt — ¢, M — ¢ Jm _ Jim _ Jim _ (75 A > 0.954, J
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final mesh at M = 0.74 final mesh at M = 0.76
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Turbulent three-point transonic airfoil optimization

0.018

0.016

J’a"dapt

0.014
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1 optimization tolerance

—}— objective
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objective convergence history
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Turbulent three-point transonic airfoil optimization

—s=— optimized mesh for M=0.72
70000, —— optimized mesh for M=0.74
—— optimized mesh for M=0.76

60000

50000

40000
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20000
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mesh size evolution
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Turbulent three-point transonic airfoil optimization

1.5
1.5 * RAE 2822
e optimized airfoil
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Turbulent three-point transonic airfoil optimization

1.5 * RAE 2822
e optimized airfoil
1.0
1.0
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pressure distribution at M = 0.76 drag coefficients ¢, at "™ = ¢, = 0.75
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e Conclusions and future work



Conclusions and future work

Conclusions:
@ Traditional multipoint aerodynamic optimization

A priori mesh = long set up time
Generated based on initial design = insufficient/redundant
Numerical error not controlled =- incorrect/inaccurate design

@ Proposed method: variable-fidelity optimization with error control

Start with fairly coarse mesh = fast/easy set up
Prevents over-refining and over-optimizing =- efficient
Actively controls the numerical error = accurate

Future Work:

@ More appropriate error/cost distribution among different flight conditions,
e.g., equidistribute error-cost ratios

@ Combined with A-p refinement
@ Adaptive shape parameterization together with adaptive meshes
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