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@ Introduction



How does discretization error affect optimization?

Design/Optimization: Numerical optimization + CFD analysis
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Control the discretization error in the optimization!



e Optimization Problem



Optimization problem

General optimization problem

@ Determine the design variables x that minimize the objective
function Jadapt:

min J*4PY(U, x)
X

s.t. R(U,x) =0
RUim — juim _ Juim _ ¢
@ Objective output J242Pt: directly targeted for mesh adaptation
@ Trim outputs J™™: indirectly affect the objective error
@ JUim: constant target values for trim outputs
@ R(U,x): governing PDEs, e.g. flow equations
@ Solve R(U, x) to get the (flow) states solution U




Optimality condition

Augmented Lagrangian function:
L(U,x, A, ) = JY(U,x) + A'R(U, x) + p'R"™ (U, x)

First-order optimality (Karush-Kuhn-Tucker) condition:

oL oJuwt - 9R L ORUM . ,
- ox +A X +p el 0 optimal design
oL ojdwt - _9R L ORYM -
3= a0 +A 70 +p 30— 0 coupled adjoint
oL

™ R(U,x) =0 physical feasibility
oL =R"™(U,x) =0 trim condition
op

Flow PDE solve, always physically feasible: % =0

Choose coupled adjoint variables A, such that, g—ﬁ =0



Coupled adjoints in constrained optimization

Coupled adjoints in constrained optimization:

Sensitivity analysis:
_ 3g‘iapt (@ i) %1; T ag:m

d. Jadapl - d Jtrim
dx tH dx



Reduced optimization problem

Full optimality condition:

oL _ o Jadapt - R r 8Rtrim

- o +A x +u - 0 optimal design
oL ojdwt - _9R L ORYM -
e - = I

30 50 A 30 + 1 30 0 coupled adjoint
% =R(U,x) =0 physical feasibility
oL =R"™(U,x) =0 trim condition



Reduced optimization problem

Full optimality condition:

oL _ o Jadapt - R r 8Rtrim

- o +A x +u - 0 optimal design
oL ojdwt - _9R L ORYM .
30 = 80 A 30 + 90 0 cou oint
% =R(U,x)=0 physi ibility
oL =R"™(U,x) =0 trim condition
op

Reduced optimality condition (what the optimizer does):

% B d Jadapt r thrim
ox  dx " ax
87‘6 — Rtrim -0

op

=0




e Error Estimation and Mesh Adaptation



Output error estimation for optimization

@ Numerical error affects both objective and constraint outputs.
coarse space: Xo — optimization — Uy, x;; — Jg(Ug,Xy)
——"
optimal design
fine space: xg — optimization — Uy, x;  — J5(Up, X;)
——

optimal design

@ Objective error estimates for the optimal design,

SJAP — JARN Uy, xly) — S (U, x) = LU x) — S(U, )

@ State injection: U¥ = 17Uy
@ Fine space flow residual,
Rh(UzIa X}k-l) #0

@ Fine space trim residual, N _ N
Ri™(U}'xj;) = Ji™ (U} xjp) — 3 = T (Up, xjp) — I = 0



Output error estimation for optimization

Recall the optimality condition:

87[, - a,adapt N AT87R N TaRtrim
au ~ au au " H Tau
oL _ o Jadapt r 83 r aRtrim

ox  Ox + 8x+“ ox

=0

=0




Recall the optimality condition:
ajadapt

ou
o Jadapt
0x

:—ATix—l/l,

Output error estimation for optimization
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Output error estimation for optimization

Recall the optimality condition:
o Jadapt - )\T 87R I aRtrim

au ~ ~ou M au
o Jadapt T 83 o 0Rmm
ox ox H ox
Error estimation using coupled adjoints
ada ada ada * oJ adapt oJ adapt
ST = ISP (UM x5y) — TP (U, x7) = a’ﬁ oU + ahx ox
8Rh aRtrlm aRh aRtrlm
AP0 — pf = sU- AT —ox h_s
" 9U, " aU, o X gy 0%
OR;, OR;, ORrim JRUrim
= A =260 + —ox h__sU h_§
h <8Uh 8Xh ) ( 8Uh + 8Xh X

= AR, — pl SRY™



Output error estimation for optimization

Recall the optimality condition:

o Jadapt - - aﬁR TaRtrim
au ~ ~au P au
aladapt _ _)\TaiR B 'uT HRITIm
ox ox 0x
Error estimation using coupled adjoints
o Jadapt o Jadapt
dapt dapt * d; *
T = T (U i) = (U x) = S—oU + o
OR, ORYIm OR,, ORYIm
= A 526U — pj ——0U—A] ——6x — pj —"
hau,’ T Hh U, oy OX T g 0%
R, IR, ORUIM JRUrim
= AN 20U+ —ox | — h_5U b
h <8Uh + o X) “h< T

= —A[0R), — pf SRI™

= _Al{Rh(UHa X;{)



Output error estimation for optimization

Objective error estimates for the optimal design,
O™ = ~ A Ru(U}f x7)
= —(WETR(UF xi) — paf, ()" Ry (Uf x)
SR () od M ()
——— ————
objective error only  inexact constraints satisfaction
Error localization:
@ W,: reconstruction using the coarse-space adjoints ¥y
@ u,: extracted from the optimizer on the coarse space
@ Adapt (error) indicator: n, = [¥} Ry, .(U¥, xy)|
@ Combined indicator: 7, op = 7o + |p|Tptrim
Mesh adaptation:
@ Hessian-based adaptation: refine mesh to control error

@ Mesh optimization: optimize mesh (minimize error) given a
fixed cost, cost = dim(U)



Adaptive multi-fidelity optimization

Error based multi-fidelity optimization:
max allowable objective error | = mesh refinement = fidelity 1

el
L=y J
Design X |—>| Flow solve : Design update Yes—p- ighest fidelity ? Ye: final design
' f i
| Adjoints solve |—> Sensitivity I No

Hessian-based Error Estimation
mesh adaptation 5. Jadapt

LN




Adaptive multi-fidelity optimization

Cost based multi-fidelity optimization:
given cost T = mesh optimization = objective error | = fidelity 1

costc 1

I Design X l——l Flow solve : Design update Yes—p-
' f T

I Adjoint solve |—>| Sensitivity I
No

— § yadapt Mesh optimization
sete = o/ with cost C

Yes—-(Final deisgn

ighest fidelity ?




Q Results and Discussion



1D advection diffusion problem

Governing equation

2
20 0 v e 0,1, u(0) =0, u(L) = 1

where Peclet number can be defined as Pe = aL/v
Analytic solution is given by

_exp(Pe x x/L) — 1 Ou _ Peexp(Pe X x/L)

216 exp(Pe) — 1 dx L exp(Pe)— 1

Optimization problem

|

min J(x) = _Ou
x=Pe 0% | =0 761
T ox oxr

Analytic solution: x* = 3.8060, J(x*) = —1.5615




o

Optimization on different meshes (DG,p =2,N, = 8

1 T T T T

N A—— 14 |
g .| 0.005 ,’, i
EVO.E = 0.4 0 ’ !
% A -0.005 -_~—~—-'| ,// ]J
© 2 , R TR —— ‘ 076 078 *\a:gé“k},
‘ 60 "0 ® Peclet n:iﬂnber Pe 4‘0 5‘0 * 7020 o o :/SL o ! "
objective on different meshes states solution u at spurious optima
Initial design Mesh IIx;; —x*|| | 0Ju ()| (W (x5) — T (x|
_ uniform 40.79686  0.15555 1.06446
Xo =40 iso-adapted  0.08455  0.01309 0.01423
optimized 0.00400 0.00063 0.00072
_ uniform 0.16022 0.02063 0.02109
xo = 20 iso-adapted  0.03803 0.00505 0.00525
optimized 0.00400 0.00063 0.00072




Inviscid transonic airfoil optimization

NACA 0012, M., = 0.8, ag = 1.25°
Jadapt = ¢y, Jtnm = ¢, Jmm — 0.4, A Z Amin
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Inviscid transonic airfoil optimization

initial design
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Optimization on different meshes (DG, p = 1, opt tol = 1 x 107%)

Cd,0 Cd opt 5Cd’op1 cost (dOf)
Hessian-based 2047 1.140E=3  6.708E—5  ~ 30000
Mesh optimization * 1.136E-3 8.752E-5  ~ 15000




Why mesh optimization in shape optimization ?
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e Conclusions and Future Work



Conclusions and future work

Conclusions:
@ Numerical error should be carefully controlled

@ Traditional aerodynamic optimization
a priori mesh, numerical error not controlled

@ Error estimation + mesh adaptation
actively controls the numerical error

@ Prevent over-refining and over-optimizing during optimization
Future Work:

@ Incorporate with sensitivity error estimates

@ Accelerate error estimation and mesh adaptation process

@ Combine with A-p refinement
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Sensitivity verification
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Adapt indicator




Airfoil parameterization

@ Hicks-Henne basis functions: linear combination of "bump"
functions added to the baseline airfoll

Hicks-Henne basis {

1 T T + \ T n
O'QW A \\ 1 Z = Zbase + Z a;o; (x)
08 "J \\‘ 1 i—0
07 /, \\ ‘L 7 ¢i(x) — sin”'(ﬂ'x’"")
il m; = 1n(0.5)/ In(x,)
\AY /Il x: coord along the airfoil chord
Il z: vertical surface coord
“I |l xu, : maxima location

e wowom e w0 4 width of the bump function

@ Design parameters: x = [«,ay, a2, - - ,a,]"
Coefficients of Hicks-Henne basis + angle of attack a



Mesh Movement

@ Radial Basis Function (RBF): only depends on the distance
from the origin or a center, e.g. ¢(x) = e

@ We can use a sum of RBFs ¢(]|x||) and a polynomial p(x) to
interpolate the original func}\i}on (mesh movement):
b

d(®) ~d®) = Fo(|¥ - %) + 5
i=1
@ Solving for a linear system O(N,) of r;
@ Mesh connectivity information not required




Laminar airfoil optimization

NACA 0012, Re = 5000, Mo, = 0.5, ag = 0°
Jadapt — o g — o g — 01, A > A
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Laminar low-speed airfoil optimization

initial design optimized design (no adapt)

optimized design (adapt on drag) optimized design (adapt on both)




Laminar low-speed airfoil optimization

Optimization on different meshes (DG,p = 1, opt tol = 1E—4)

k) Jadapt “}{ ) Jtrim 5 ch;zt\pt H ( adapt) ( Zd;itl) * H
Fixed mesh 1.347E—4 1.456E—4 2.803E—4 2.013E—4

Adaptondrag 9.060E—5 8.490E—5 1.755E—4 1.758E—4
Adapt on both  8.402E—5 7.009E—6 9.103E-5 9.160E—5




Turbulent transonic airfoil optimization

RAE 2822, Re = 6.5 x 10°, Mo, = 0.734, ap = 2.79°
Jadapt = ¢y, Jtrlm =, Jtrlm — 0824, A Z Amin
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Turbulent transonic airfoil optimization
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Multi-point optimization

RAE 2822, Ml,oo = 072, M2,oo = 076, oy = 2.79°
JUt — ¢y, JUM = ¢, JM = JH™ — 075, A > Amin J
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Multi-point optimization

—}— optimization with adapted meshes
102 —f— optimization with fixed mesh
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Unstructured mesh adaptation and mesh optimization

Riemannian metric field M € R¥*¢
Encode the discrete mesh (shape and size) with a continuous
symmetric positive definite (SPD) tensor field, M (¥) € R?*4

distance under the metric from ¥ to x¥ + X, dlp = VoxT MxX

7
Y ~_— unit circle centered at O
under metric M
T

@ Eigenvectors = principle stretching direction
@ Eigenvalues )\; = 1/h? = stretching magnitude



Unstructured mesh adaptation and mesh optimization

Metric conforming mesh
A mesh in which each edge has the same length under the metric

Isotropic metric:

Mesh adaptation and mesh optimization techniques

@ Hessian-based adaptation' refine mesh to control error
solution Hessian 45 = eigenvectors = element shape
error estimates ne,opt => eigenvalues magnitue = mesh size

@ Mesh optimization: optimize mesh given a fixed cost
Cost: dim(U) = degrees of freedom (dof)

m1n E e, opt S.t. cost = const
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